Abstract. We carry out some first steps in setting up a theory for Lagrangian Floer theory, mimicking Seidel's construction for Hamiltonian Floer homology [7] , for the subgroup Ham L (M, ω) of Ham(M, ω) which preserves the Lagrangian L. When the symplectic manifold M has anti-symplectic involution c and L is the fixed Lagrangian submanifold, we consider the subgroup Hamc(M, ω) which commute with c. In the later case, we relate the critical points of the two Floer theories and their Maslov indices.
Introduction
Let (M, ω) be symplectic manifold. In [7] , Seidel associated to each elementg in a covering of π 1 (Ham(M, ω)) a natural isomorphism, the Seidel map, of Floer homology F H(g) * , which is a module map with respect to the pair of pants product. The image of the unit in the Floer homology under F H(g) * , which is the Seidel element, is then an invertible element in the pair of pants product. By the identification of Floer homology with the quantum homology, the pair of pants product corresponds to the quantum product, and the Seidel elements can be realized as invertible quantum homology classes.
Let L ⊂ M be a Lagrangian submanifold and consider elementγ in a covering of the relative homotopy group π 1 (Ham L (M, ω), Ham(M, ω)), where Ham L (M, ω) is the subgroup preserving L. We describe in this article, under restriction of Maslov indices of discs with boundary on L, a morphism of Floer homology constructed fromγ, which we call the relative Seidel map F H(γ) * . The Floer homology we consider is the the Hamiltonian Floer homology of Lagrangian submanifolds, as considered for cotangent bundle in [3] , [4] and for diagonal in M × M in [1] , where M is exact symplectic with convex boundary. In particular, we define Maslov index for half discs bounding L and non-degenerate time-1 Hamiltonian flow connecting points of L.
When the Lagrangian submanifold L is the fixed point set of an anti-symplectic involution c M : (M, ω) → (M, −ω), we consider the symmetric picture. The involution induces two sets of involutions on the associated spaces, one that does not reverse the time direction, and one that does. It's the later sort that we are most interested in. Consider the symmetric time-dependent Hamiltonian and compatible almost complex structures and under non-degeneracy conditions, the critical pointsl of the Lagrangian Floer theory for L gives rise to critical pointsγ of Hamiltonian Floer theory for M . In this case, we show that the Maslov index ofγ does not necessarily equal to twice that of l, even though it is the case for the diagonal [1] (and also example 5.10). On the other hand, it's also shown that the Maslov indices of discs with boundary on L reverse sign under the action of the involution.
Let g ∈ π 1 (Ham(M, ω)) andg be a symmetric lifting of g in the covering, then there is corresponding h ∈ π 1 (Ham L (M, ω), Ham(M, ω)) and a lifting of h in the covering so thatg is a double ofh. The relation of the two Seidel maps is still not clear, but we show that the degrees satisfy deg(F H(g) * ) = 2deg(F H(h) * ).
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Hamiltonians preserving Lagrangian submanifolds
Let L be a Lagrangian submanifold of the 2n-dimensional symplectic manifold (M, ω) and Ham L (M, ω) ⊂ Ham(M, ω) be the subgroup of the Hamiltonian diffeomorphisms of (M, ω) preserving the Lagrangian L, i.e. f (L) = L for f ∈ Ham L (M, ω). There is obvious homomorphism ρ L : Ham L (M, ω) → Diff(L) : ρ L (f ) = f | L which is surjective over the identity component Diff 0 (L) of Diff(L), by the following proposition:
Proof: Consider T * L equipped with the standard exact symplectic form ω L = dλ where λ = pdq and q is the position variable on
is a real symplectic manifold with c L be negation of fiber coordinates. Let ϕ t be a path in Diff(L) starting from identity, ϕ * t : T * L → T * L be the induced map and
Let h t = ι Xt λ we see that ϕ t is the Hamiltonian path generated by h t . Fix a metric || • || on L and let χ : R → [0, 1] be a compactly supported even function which is 1 in a neighbourhood of 0. Then the Hamiltonian generated by H t = χ(||p||)h t is symmetric with respect to c L and equals to identity outside a neighbourhood of L. Then the statement follows from Weinstein's theorem on Lagrangian neighbourhood.
Consider the relative path group of smooth paths
with composition as (φ • ψ) t = φ t • ψ t . The identity element is the constant path at id and the inverse if given by (φ ω) ) be the set of homotopy classes of paths φ ∈ P L Ham(M, ω) with starting point φ 0 = id fixed and end point φ 1 ∈ Ham L (M, ω). Then it is a group with the induced multiplication from •. In particular, we have
. By reparametrization, we see that
where α#β denotes the concatenation of paths α and β where α(1) = β(0). It follows that
For the first equality, we use the first equality of (2.1) and note that the homotopy
3.1. Action functional and gradient flow. Let P L M be the space of smooth contractible paths in M with both ends on L:
and P L M be its universal covering space whose covering group is
given by the equivalent class of pairs (l, w) with
2 ⊂ C is the half disc with non-negative imaginary part and ∂ + (resp. ∂ 0 ) denotes the complex (resp. real) part of the boundary. The equivalence relation is homotopy (upto classes in π 2 (M, L) 0 ) with fixed restriction on
, where # denotes connected sum at a point on ∂ 0 if β is represented by a disc with boundary on L, or by connected sum at an interior point of D 
The tangent space T l P L M consists of vector fields ξ along l with boundary values in
where we use the convention dH = −ι XH ω for Hamiltonian vector fields. The critical points of the action functional consists of pairl = [l, w] where l is a Hamiltonian paths connecting points on L. A critical pointl is nondegenerate if
, then the equation of negative gradient flow for a H is the following perturbed J-holomorphic equation:
The energy E(u), of a solution of (3.1) u, with respect to the metric defined by J is defined as
Suppose that all critical points of a H are non-degenerate, then finite energy solution u converges uniformly to Hamiltonian paths, i.e. ∃l ± so that lim s→±∞ u(s, t) = l ± (t). 
The Maslov index ofl is defined using the Maslov index of pair of paths of Lagrangian subspaces introduced in [5] :
We construct a loop of Lagrangian subspaces out of (1l,
n ⊕ R n and △. Choose the following coordinates:
The paths graph(tf ), (1l, E t )△ and A 1 concatenate into a loop of Lagrangian subspaces, whose Maslov index
and we compute
where † 1 is true because (Ψ 1 , Ψ 1 ) preserves both △ and R n ⊕ R n , † 2 comes from homotopy Ψ e iπt through D 2 + and † 3 follows from the naturality of maslov index of pair of Lagrangian paths and
The following is then straight forward
, where
if β is represented by a sphere .
Proof: We check first thatl − is a critical point of a H − :
Let φ t be the Hamiltonian isotopy generated by H t then φ
The path of symplectic matrices is then
1 , and we have
Note that switching the factors of C n ⊕ C n preserves △ and R n ⊕ R n while reversing the sign of the symplectic structure, and we compute
3.3. Linearized operator and moduli space of flow. Suppose all critical points of a H is non-degenerate and consider the linearized operator of (3.1) at finite energy solution u
is Fredholm with finite index, which is the expected dimension of the space of solutions near u. By [6] , the index can be identified as difference of Maslov indices. Suppose lim s→±∞ u(s, t) = l ± and [l − #u#l + ] = 0 ∈ Γ L and letM H,J (M, L;l − ,l + ) be the space of of solutions connectingl ± , to which u belongs, then its expected dimension is:
The pair (H, J) is called regular when the cokernel of D u is trivial, in which case, the moduli space of solutions achieves the expected dimension. The set of regular pair is denoted J reg (M, L), which is of second category in the set of all pairs. The unparametrized moduli space is M H,J (M, L;l − ,l + ) =M H,J (M, L;l − ,l + )/R where the R action is shifting of s. Then the dimension 0 moduli spaces are compact and those of dimension 1 can be compactified by adding broken flow lines. The Floer chain complex F C * (H, J) is generated by the critical points of a H,J and the boundary map is given by counting the 0-dimensional moduli space of solutions:
and extending linearly. The grading is given by µ H (l) + n 2 . The assumption upon the minimal Maslov index implies that ∂ 2 H,J = 0 and thus we define the Floer homology to
To show the independece of F H * (M, L; H, J) to the regular pair (H, J) we apply the continuation principle by choosing a regular family of pairs (
Then consider the equation
and the solutions that limits tol − (resp.l ′ + ) when s → −∞ (resp. s → ∞). The expected dimension of the space of such solutions is
The dimension 0 ones are compact and the counting gives a homomorphism F C H,J;H ′ ,J ′ : 
That T is chain homotopy is then shown by looking at boundary of the family of dimensional 1. It then follows that there is a well defined Floer homology F H * (M, L), since the homomorphisms F H H,J;H ′ ,J ′ now are all isomorphisms and independent of choice of homotopies.
Let
J − and by proposition 3.3, there is natural isomorphism between the Floer homologies induced by r:
The Poincaré duality follows from the continuation homomorphism between F H * (H, J) and
3.4. Half pair of pants product. The product on F H * (M, L) can be defined by "half pair-of-pants", perturbed similarly as in Seidel [7] , as following. Consider the punctured half cylinder Σ = R × [0, 1] \ {(0, 0)}. The surface Σ has three ends e ± and e 0 : 4 ). The ends e − and e 0 are the "incoming" ends and e + is the "outgoing end". We choose regular pairs (H ± , J ± ) and (H 0 , J 0 ) for the corresponding ends. Consider the pair (H, J) where H ∈ C ∞ (Σ × M ) and J is a family of compatible almost complex structures parametrized by Σ, such that the pull back of (H, J) by the maps e * equals to the corresponding pair (H * 
where u 0 = u • e 0 . On the ends e * , a solution u of finite energy again limits to critical pointsl * for the Floer action functional a H * when s → ±∞. The half pair-of-pants product is then defined on chain level by counting the 0-dimensional moduli space M H,J (l − ,l 0 ,l + ; M, L) of such solutions:
To show that it passes to homology, we again look at boundary of the 1-dimensional moduli space of solutions, and utilize the assumption on the Maslov indices.
Action of path group
We assume for this section that some version of Arnold's conjecture is true for the pair (M, L), so that there exists critical point of a H in P L M for any time-dependent Hamiltonian function H. Let g ∈ P L Ham(M, ω) then it acts on l ∈ P L M by the following:
Suppose g is generated by
• dg t . Let φ t denote the Hamiltonian isotopy generated by H t , then H g t generates g −1 t φ t . Most computations here are parallel to the corresponding ones in [7] .
Proof:
We only need to show that the action can be lifted. Suppose γ : S 1 → P L M is a loop that can be lifted toP L M , then it's represented by a map B :
is isomorphism of symplectic bundles preserving the Lagrangian boundary conditions, it fol-
g (s, t))dt. Since θ| ∂(S 1 ×[0,1]) = 0 we find that ω(B g ) = ω(B) = 0. Thus, γ g again can be lifted toP L M , which implies that the action of g can be lifted.
The groups fit into the exact sequence: . 
−1 and we compute
The independence on the trivialization forlg is similar. Supposel s is a path inP L M , which is represened by u :
By lifting property, we have [l
. Then it's straight forward to see the contribution from u to the index is 0 and independence onl is shown. To see that µ(g) ∈ Z, we note that 
is generated by K t , we check that l g is zero of α H :
It follows that g * α H = α H g andg * a H = a H g + const, where the const depends on lifting.
Suppose l is non-degenerate then dg
L since dg 1 preserves T L, and it follows that l g is non-degenerate. Letlg = [l g , w g ] and Φ z : T w g (z) M → C n be a trivialization which defines µ H (lg), then
Completely parallel to [7] , we see that the map F C * (g; H, J) defined by l → l g pass to homology and gives HF * (g) :
, which defines automorphism of F H * (M, L) independent of choice of regular pair (H, J). Then proposition 4.3 implies that the degree of F H(g) * is µ(g). The other properties such as homotopy invariance and F H * (gg
can be shown similarly. With the half pair of pants product described in 3.4, the module property of F H * (g) can be shown as well.
Anti-symplectic involution
In this section we let (M, ω; c M , L) be symplectic manifold with an anti-symplectic involution c M , i.e. c * M ω = −ω, whose fixed point set is L which we assume to be connected. Then L is Lagrangian submanifold of M . The involution c induces an involution τ on Ham(M, ω):
That τ is well defined can be seen from the following
that φ is the time-1 map of the Hamiltonian field generated by K, then ψ c is the time-1 map of the Hamiltonian field generated by
The fixed subgroup of τ is
The half loop group of smooth paths in Ham(M, ω) is defined as 
We would like to bring the action ofπ 1 (Ham(M, ω) , Ham 0 c (M, ω)) on the Lagrangian Floer homology to bear on the problem. In fact, due to homotopy invariance, the action can be seen as given by (the covering of) the map
The natural statement one wants is then the following: ω) ) in the exact sequence above induces a map i * relating the Seidel homomorphisms for Hamiltonian and Lagrangian Floer homologies. By computing the map i * , we find out information on C.
Since the actions on Floer homologies are given by elements in the covering groups of the π 1 's, there is no natural way to induce such i * . In the present situation, there is in fact a map in the reversed direction, due to the involution c M .
The involution c M induces involutions on various associated spaces. Let
be the space of time-dependent Hamiltonian functions, J k be the space of ω-compatible families of almost complex structures over [0, k], then we define involutions for them as
We note that c H generates the conjugation by c M on Ham(M, ω). If H is fixed by c H then we have H(t, L) = 0 while the fixed point set of c J consists of paths in the space RJ , which is non-empty and contractible [8] . The involution on π 2 (M, L) is defined by post-composition
We define the involutions on the space of paths P L M and its coveringP L M respectively as following:
then the fixed point set of c P consists of paths such that l = l c , i.e. paths on L. Similarly, we define respectively on the space of loops ΩM and its coveringΩM the involutions 
which preserves the subgroupP c Ham(M, ω) and the restriction gives c Ham . 
Now we construct the doubling map δ in the direction opposite to i. First, on the level of path space P L M , for l ∈ P L M , we define the loop γ = δ(l) of period 2 by
On H and J , we define δ by
We note that the image of δ are all fixed points of the respective c ′ involutions, which we'll call symmetric in the following. In particular, we see that δ(g) is a loop and if H generates g then δ(H) generates δ(g). We could have rescaled the above definition so that all δ images are parameterized by [0, 1], while we feel that it causes un-necessary confusion. We have now Ham(M, ω) ).
The statement we'd like to have is thus
There is an induced map by δ on Floer homologies as well as the Seidel homomorphisms, so that the computation of which would provide information on C. We look first at the situation on Floer homologies. First, we restrict our consideration to the symmetric Hamiltonians and almost complex structures in Hamiltonian Floer theory. Then we need to restrict the set of Hamiltonian functions we consider in the Lagrangian Floer theory to the following:
and H 1 are even functions with respect to c M }, so that δ(H) gives time-dependent Hamiltonian function of period 2. Note that the induced map would not preserve degree, as the doubling construction doesn't preserve Maslov indices in general. In fact, from the above, the image δ(l) consists of two half discs with identical indices. We are lead to the following statement that we'd like to have The map defined by δ taking the set of critical points of the Lagrangian Floer theory to the symmetric ones of the Hamiltonian Floer theory, doubles the degree, i.e. µ δ(H) (δ(l)) = 2µ H (l). In the following, we'll show that this is in general not true, by computing the Maslov indices. However, the above is true for the important and interesting case of diagonal.
Instead of starting from Lagrangian Floer theory, we work backwards, considering the symmetric critical points of Hamiltonian Floer theory. Let H ∈ H 2 be a fixed point of c ′ H , i.e. H t = H 2−t • c M , with period 2, i.e. H t = H t+2 . Then we have H 0 = H 2 and H 1 are even functions with respect to c M . Let φ t be the Hamiltonian isotopy generated by H, then we have
•c M and we have: 
and proposition 5.6 provides the correspondence of the critical points of a H ± with the symmetric ones of a H . Letγ = [γ, v] ∈ Crit(a H ) be a symmetric critical point, i.e.,
Then the corresponding critical pointsl ± = [l ± , w ± ] of a H ± are the following:
It follows from (5.3) that
and by proposition 3.3 and 5.2,l ± have equal Maslov indices. Let J ∈ J 2 be a fixed point of c
and the flow lines of the respective Floer homologies are related by c Proof: Let's identify (T γ(0) M, dc M ) with the standard (C n , c) and compute ω 0 ((1l − P )(z), z) for some symplectic matrix P satisfying P −1 = c • P • c. Write P in block form under the decomposition C n = R n ⊕ iR n , which is also the eigenspace decomposition of c:
Under this decomposition, we find that the condition of P being symplectic translates as
and the matrix for the quadratic form ω 0 ((1l − P )(z), z) is given by
To see that sign(Q) does not have to be 0, we take P = ± √ 21l B B −1 ± √ 21l with B T = B invertible. It's easy to check that P satisfies the conditions above. Then
, which is similar to Proposition 5.8.
where µ H (γ) is the Maslov index of the loopγ and Q is the quadratic form as in proposition 5.7.
Proof: Assume that we can choose the trivialization Φ z : 1] . Define the following paths of symplectic matrices:
n is the diagonal and the symplectic structure on C n ⊕ C n is given by ω 0 ⊕ (−ω 0 ). We have by additivity of Maslov index:
We compute the following differences:
. The first one is obviously the Hörmander index s(△, R n ⊕ R n ; △, (1l, F 1 )△) (cf. We then have s(△, R n ⊕ R n ; △, (1l, F 1 )△) = s((1l, F 1 )△, R n ⊕ R n ; △, (1l, F 1 )△). Let τ : C n ⊕ C n → C n ⊕ C n : (z 1 , z 2 ) → (z 2 , z 1 ), then τ preserves △ and R n ⊕ R n while reverses the sign of the symplectic structure, thus s((1l, F 1 )△, R n ⊕ R n ; △, (1l, F 1 )△) = −s((F 1 , 1l)△, R n ⊕ R n ; △, (F 1 , 1l)△).
For the second difference, noting that (F 1 , 1l) is symplectomorphism and (F 1 , F 1 ) preserves △, we get µ((1l, F It follows that the difference µ H + (l Although doubling of degrees of critical points is in general not true by the above lemma, we can show that doubling of degrees of the group action does happen. Let K ∈ H 2 be a fixed point of c ′ H which generates a loop g in Ham(M, ω), then g is
